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1). x3%—2xy:2,x>0

Solution. Let our interval be (0,00). First, we convert the given DE to a first or-
der vector valued DE. Observe that the DE is equivalent to the following system of
equations

dy1
a—?h
dy 2 2
de 22 a3

i.eif ¥ = (y1,y2) is a particular solution to the above vector valued DE on the interval
(0, 00), then its first coordinate, namely y; is a particular solution of our original DE.
Note that this vector valued DE can be written as

N 0 1. 0
22 3
Let g(z) = (0,%) on (0,00), so that g is continuous. So, our vector valued DE

is actually a first order linear DE, and this can be easily solved using variation of

parameters. First, we need to find linearly independent solutions to the homogeneous
DE

-, 0 1| .
x2
which amounts to solving the system of equations
dy
0.3 2 =
(0.3) dr Y2
dy2 2y
0.4 72 _ 2J1
(04) dx x?
and this is just the DE
d’y 2y
0.5 — - = =
(0.5) dz? 22
which is the same as
2 d2y
— 7 oy =
i Y
Putting t = In x, the above equation is transformed as
d’y dy
— - —=—-2y=0
a2 dar Y

The characteristic polynomial of this DE is
2 —s5—2=(s+1)(s—2)
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and hence a pair of linearly independent solutions for this DE is {e~, e*}. So, a pair

of linearly independent solutions for the DE (0.5) is {z~',z%}. So, it follows that a
pair of linearly independent solutions for the vector valued DE (0.2) is {1, B2} where

0= (1)
P(z) = (2, 27)

and because the space of solutions of (0.2) is two-dimensional, it follows that @i, @
constitute a basis. Now as done in class, put

v-leel- | 4
and put
i) = [orgoa = [ T awan- [1]5]e-1 780 A
2 T z 3z3

where @, = (C1, Cy) € R? is a constant vector. So, a solution of the DE (0.1) is given
by

. 1 [=6hz—2 (&1 + 02332
e T4 = - 3z
Q,D(ZE) M(:l:)u(x) 3 |: 611;’;2—4 ] + {—x_%l 4 2023;:|

So, a general solution of our original DE is the first coordinate of 1,5, which is

—6lnz—-2 C
Y = —+—1+C’2$2
9z T

where C},C5 € R are constants. To get a particular solution, we can just let '} =
Cy = 0. |

d?y dy et
dt? dt 1+t
Solution. We will follow a very similar strategy as in problem 1). Let our interval

be R. First, we convert the given DE to a first order vector valued DE. Our DE is
equivalent to the following system of equations

2).

dy _

di Y2

dys et
92 o -
q Y2 — Y1 + e

So, if 4 = (y1,y2) is a solution to the above vector valued DE on R, then its first
coordinate, namely y; is a solution of our original DE. The given vector valued DE
can be written as

(0.6) ﬁzﬂﬂ ﬂﬁ+[3]

1++¢2

Let g(t) = (o,lj—;
valued DE using variation of parameters. So first consider the homogeneous DE

(0.7) =" 37

) on R, so that g is continuous. We will now solve this vector
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and this amounts to solving the system of equatios

dy,
0.8 -
( ) di Y2

dys
0.9 22 =2y, —
(0.9) Q= 2
which is just solving the DE

d’y | dy

0.10 —_— 2= =0
(0.10) a2 car Y

The characteristic polynomial of this DE is
2 =25 +1=(s—1)°

and hence a pair of linearly independent solutions is {€', te'}. So, it follows that a pair
of linearly independent solutions for the vector valued DE (0.7) is {1, @2}, where

pi(t) = (et,et)
Bo(t) = (te', e’ + te')

and because the space of solutions of (0.7) is two-dimensional, it follows that @, @a
constitute a basis. Now as usual we put

and we put

a0 - [argwa= [ ] gwa - [[5]a- [0

e arctant

where @y = (C1, Cy) € R? is a constant vector. Since we are interested in a particular
solution, we can let @, = 0. So, a solution of the DE (0.6) is given by

—etln (t241)

P(t) = M()u(t) = [efln (t2+21)

+ tet arctant ]
2

+ (e + te') arctant

So, a particular solution of our original DE is the first coordinate of 1,5 (t), i.e a partic-
ular solution is
—e'ln (2 + 1)

5 + tet arctant

y:

2
3). (1—-2?)— ———=xy1l—-22,0<z<1

Solution. Let our interval be (0,1). First, we convert the given DE to a first order
vector valued DE. Our DE is equivalent to the following system of equations

dy
dx
dy r

de (1 —2?) * V1= 22

:y2
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So, if ¥ = (y1,¥2) is a solution to the above vector valued DE on (0, 1), then its first
coordinate, namely y; is a solution of our original DE. The given vector valued DE
can be written as

N 0 1 - 0
(0.11) j= [0 | } 7+ { . }
z(1—x2) N

Let g(z) = (O, ﬁ) on (0,1), so that g is continuous. We will now solve this vector

valued DE using variation of parameters. So first consider the homogeneous DE

R [ N
z(1—x2)
and this amounts to solving the system of equatios
dy
0.13 = =
( ) dr Y2
dys Y2
0.14 -9z 92
(0.14) dz  z(1—2a?)
which is just solving the DE
d’ 1 d
(0.15) J_ Y—0

d2? (1 —a2)de
This is an example of a DE where the dependent variable is missing. Clearly, one

solution to this DE is y = 1 on (0,1). To get another linearly independent solution,
we put v = ¢/ in the above equation and get

dr (1 — 22) vdr  z(1 — 22)

Integrating both sides with respect to x, we get

1 1 1 1 1 1
—-dv= | ———5dxr= | — — de=Inz— =In(1 —2®)+ K
/vv /x(l—xQ) v /x+2(1—x) 2(1+x) o 211( T+

for some constant K € R. This gives us

1
lnvzlnx—iln(l—:rQ)—{—K

which means .
Inz—=In(1-22)+K T

v=e 2 =K —
Va7

for some K’ € R. So, integrating again with respect to =, we see that
y:/vdm: -K'vV1—22+C

where C' € R is some constant. Since we need a basis element, we can simply let
K’ =1and C = 0. So, the two linearly independent solutions of (0.15) that we get
are {1, —v/1 — 2} on (0,1). So, it follows that a pair of linearly independent solutions
for the vector valued DE (0.12) is {1, @2}, where

1(2) = (1,0)
Fulo) = (—Vim e )

1—22
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and because the space of solutions of (0.12) is two-dimensional, it follows that @1, @a
constitute a basis. Now as usual we put

R

1—22

and we put

2

1 1-—x i
[y wiz] gt

1

F(m/l — 22 + arcsin x)}
T

—

+CLO

where @y = (C1, Cy) € R? is a constant vector. Since we are interested in a particular
solution, we can let @, = 0. So, a solution of the DE (0.11) is given by

(arcsinz — zv/1 — x2)]

D=

Y(x) = M(x)u(r) =

22

V1—22

So, a particular solution of our original DE is the first coordinate of ’IE(ZL‘), i.e a par-
ticular solution is

1
y = é(arcsinx —zv1—2?)
|

4). Suppose I = [to,t1] and let a,b be continuous real valued functions on I. Let
p(t) = ftz a(s)ds. Suppose u: [ — R is €' and satisfies the inequalities

a(t) < a(t)u(t) + b(t)
U(to) = Ug

for all t € I. We will show that
t

u(t) < uge!™ —I—/ PP (5)ds

to
Observe that we have
u(t) — a(t)u(t) < b(t)

for each t € I. Also, by the fundamental theorem of calculus, we know that p/(t) = a(t)
for all t € I. So, multipliying both sides of the above inequality by the integrating
factor e P we see that

u(t)e P —a(t)e POu(t) < e POpt) , tel
Note that this inequality can be written as

d

a(u(t)e_p(t)) <ePOpt) |, tel
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Applying the operator fti __ds (where t € I) to both sides, we get

t
u(t)e ™D — u(ty)e Pt < / e PE)p(s)ds

to
which means
t
u(t)e P < uyg —|—/ e Pb(s)ds
to
and multiplying both sides by e?) we get
t
u(t) < ugeP” +/ ePO=P()p(s)ds
to

and this is what we wanted to show.

5). Let I = [ty,t1] and ¢, and a continuous functions on I with a > 0. Suppose
t

(0.16) P <00+ [ a)elds (e D)
to

Let q(t) = j;'; a(s)ds. We show that

wwsww+/ewﬂ@MQw@®

to

First, we multiply both sides of the inequality (0.16) by a(t) (possible because oz > 0)
to get

(0.17) a(t)p(t) < a(t)p(t) +a(t)h(t) — (tel)
where h is defined on I by
t
ht) = / a(s)p(s)ds  (tel)
to
With this definition. inequality (0.17) can be rewritten as
W(t) < at)y(t) +a()h(t)  (t€ E)
and note that h(ty) = 0. So, by problem 4). we get
t
ht) < / 10=96) o (s)p(s)ds (¢ € )

to
and this means that
¢ t
/ a(s)p(s)ds < / e1=91) oy (5)eh(s)ds
to to

Using this information in the given inequality (0.16) we get

wwsww+/ﬁwq@M@w$®

to

and this proves the claim.
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6). Let Q, f,to,I,u and v be as in the problem statement. We will show that
u(t) <wo(t) , tel

For the sake of contradiction, suppose u(t2) > v(t2) for some t € I. Clearly, we have
the inequality ¢ < 2.

Consider the function u — v, which is clearly €' on I. Because u(ty) —v(ty) < 0 and
u(ty) — v(t2) > 0, the Intermediate Value Theorem implies that u(t') —v(t') =0
for some t' € [ty,t2). This is to say that the set

X = {t € [to, t2) | u(t) —v(t) =0}

is non-empty. Clearly, X is also bounded above. So, let t; = sup X, and it is clear that
ty € [to,t2]. We claim that t; < to. But this is easy to see, because u(ts) — v(t2) > 0
and because u — v is a continuous function, there is some open interval around the
point ¢y contained in I such that u — v is positive in this open interval. Also, the
continuity of u — v implies that u(t,) — v(¢t;) = 0.

Now, consider the interval J = [t1, ts], and above, by our choice of ¢;, we have shown
that u(t;) = v(t1) and u(t) —v(t) > 0 for every t € J\ {t1}. Now, for every t € J, we
see that

u(t) —oft) = a(t) — f(t,v(t))
< ftult) = ft,0(t))
(1) <[t u®) = ft, ()]
<

and here we have used the fact that f is Lipschitz continuous in the second variable
on 2. To summarise, we have the following three conditions on J = [ty, t5]:

(1) (u—v)(t1) =0.

(2) u—v>00nJ\{t:}.

(3) (u—v) < L(u—wv)on J.
With points (1) and (3) in mind, we apply problem 4). and get

(u—v)(t)y<0 , telJd

which is a contradiction to point number (2) above. So, it follows that u(t) < v(t) for
all t € I, and this completes the proof.

7). The proof of this result in the new set of hypothesis is exactly the same as in
problem 6). There is only one new change, which I will now mention. The construction
of the interval J = [tq, 5] remains the same. So, it is still true that u(¢;) = v(¢;) and
that w —v > 0 on J\ {¢;}. Infact, the chain of reasoning in (1) is also valid; note that
u(t) > v(t) for every t € J. Also, we know that (¢,v(t)) € V for all ¢t € I, and hence
it follows that (t,u(t)) € V for all ¢t € J by the given property of V. So, the exact
reasoning as in (1) goes through, and hence this proves the claim.

8). In this problem, we will prove the Fundamental Estimate. Let , v, L, @, 15 and [
be as in the problem statement.
As given in the problem, we define the following function on I.

u(t) = [|@(t) — P(t)|?



8 SIDDHANT CHAUDHARY

Also, define the function ¥ on I by the formula
2
U(t) _ <56L|t—to| 4 €1 _Z €2 <€L‘t—t0‘ _ 1))

So to prove the claim, it is enough to show that
u(t) <wo(t) , tel

To simplify our work, we will show this inequality in the interval (5, 00) NI, and a
similar argument will show that the inequality holds in the interval (—oo,ty) NI as

well. The condition ||B(te) — ¥ (to)||2 < 62 shows that u(te) < v(ty).
First we show that

(0.18) 0 < 2Lu + 26v/u

Note that u can be written as the composition || - ||* o (@ — 1p). So by the chain rule,
the derivative of u is given by

at) = 2(@(t) - B(), B0) — (1)) . tel

where (,) is the usual inner product. So by the Cauchy-Schwarz inequality we have
at) < 2/|@(t) — B(@)| - [|B(t) — B(o)]

= 2/ulD)[|B(t) — v(t, F(1)) + vt (1) — v(t, B(1)) + v(t, B(1) — B(2)]

< 2v/u(®) (I16(1) — vt EO)I| + ot FE) — o(t, BN + 15 () — o(t, B(0)])

< 2/u(l) (&1 + LIGEH) — B0 + e2)

= 2/u(t)(e + L/u(?))

= 2Lu(t) + 2ey/u(t)
and in the third last step, we have used the fact that @ is an €;-approximation, 1 is

an eg-approximation and that ¥ is Lipschitz continuous. This proves inequality (0.18).
Next, define the function f : R x [0,00) — R by the formula

f(t,r) = 2Lz + 2e\/x

where € = €; + €. Observe that for z € (0,00) we have

O _op 4+ <

oz N

Now, suppose z € [6%,00). Then we have

of €

0« <op4 £

oxr — * 0
and hence 0f/Ox is bounded for x € [§%,00). So, it follows that f is Lipschitz con-
tinuous with respect to the second variable on V' = R x [§?, 00). Also, observe that
V has the property mentioned in problem 7). Clearly, we have that v(t) > 6% for all
t € I, so that (t,v(t)) € V for each t € I and also (¢,u(t)) € R x [0, 00) for each t € I

as well. Now the inequality (0.18) implies that
wlt) < f(tult))  tel
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Also for t € (ty,00) NI we see that

o(t) =2 (LgeL(tto) + ?(Leb(tto))) <5eL(tt0) + w(ew*to) _ 1))

L
:2L< v(t)—l—ele) (D)

= 2L0(t) + 2e7/v(t)
= [t 0(t))

The inequality u(ty) < v(to) follows from the condition ||@(to) — ¥ (to)||2> < 62. So,
problem 7). implies that

u(t) <wo(t) , te(th,oo)NI

As remarked above, we can prove the same inequality on (¢y,00) N I. This completes
the proof of the claim.
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