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These are my course notes for the course DIFFERENTIAL EQUATIONS that I
undertook in my fourth semester. Throughout the document the symbol B stands for
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1. ORDINARY DIFFERENTIAL EQuATIONS (ODES)

Definition 1.1. An ordinary differential equation (ODE) n is an equation of the form
(+) F(t,u(t), (), .., u™ (1)) = 0

where ' : [ x U — R is a function, with I an interval in R, U an open subset of
R™*! and the unknown to be found is a function « : I — R which satisfies the above
equation. The order of the given ODE is n.

In this course we assume that the equation in Definition 1.1 can be written in the
form

(%) u™ = f(t,u,, ..., u™D)
Example 1.1. Consider the equation
d’y ., dy
2
— 4+ 3rx—+4y =0 >0
T 12 + xdx + 4y , X

The above is of the form
F(z,y,y,y") =0
where
F(a,b,c,d) = a*d + 3ac + 4b
If we solve for d in the equation F' = 0, we get a a DE in the form ().
1.1. Converting an n'" order DE to a first order DE. Consider a DE of the
form in (xx), i.e
u™ = flt,u, . umY)
Consider a system of DEs

d

% =v(t, 21, ..., Tp)
d

% :Ug(t,xl,...,l'n)
dz,

dxt = U (t, 21, ..., Tp)

This is called a vector valued differential equation of the first order. Here each z; is a
function on some interval I, and each v; is a function taking vector valued inputs. We
can write the above equation as

dz
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where
= (x1,.,2,) , U= (v1,...,0)

are vector valued functions.

Coming back to our original equation (%), we do the following. Set

dz,
dt
dx 2

dt

:ZEQ

(% * %)

dxn—l

dt
dz,

dt

We see that (x x *) is equivalent to (sx). To show this, suppose

:xn

= f(t,.’l]l,xg, ...,$n,1,$n)

-

&= (¢1,--,¢n)

is a solution of (* % ), where each (; is a function of . Then, ; is a solution of the
equation (#x). Conversely, if ¢ is a solution of (xx), then

-

B = (0, ¢ .. ")

is a solution of (x * x).

Remark 1.0.1. Most of our course will be concerned with such vector valued first
order differential equations. So, our standard form will be

d —
d—f — 3(t, %)
Infact, as we shall see, it will be enough to study equations of the form
d—’
o =@

Equations of the above form are called autonomous differential equations. These are
DEs in which the RHS does not explicitly depend upon the independent variable.

Differential equations often come with initial conditions. These are called initial value
problems (IVP). For instance, one could ask the following: Find a function satisfying
de
dt
such that &(ty) = @ for some initial time .

= §(t, T)

1.2. Some more terminology. We will frequently use the dot notation for the de-
rivative. For instance, given a function Z, we have

dz

dt
Eventually, we will prove the following statement: if the function ¥ is assumed to be
¢!, then the IVP

=&

E=01Z) , () =%y
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has a unique solution in a neighborhood of t,. We will actually show that there is
a mazimal interval around ¢, on which the solution exists (and since we are working
with intervals in R, this interval will be a mazimum). Let us try to make this more
formal. We will show that there is some interval (w_,w,) containing the point ¢, and
some @Gy : (w_,wy) — R™ which is €' such that

Samax(t) - 6<t7 Qamax(t))
and the interval (w_,w, ) is mazimal in the following sense: if there is another interval
I containing t; and a function ¢ : I — R" such that

@(t) = v(t, g(t))
for each t € I, then
(1) 1C (w o))
(2) 93 = ¢max|[
It should be noted that the function @,,., depends on both ty and @y, i.e we have some
function

P (to, T0,t) = Pmax(?)
The point tq is called the initial time, and the point @g is called the initial state. In
general, the &’s vary in a state/phase space, and the t’s vary in a time space.

1.3. Integral Curves and Phase Spaces. This short section will only be about
formalising the problem at hand. Let {2 be an open subset of R™ and let I be an open
interval in R. Let tg € I and @y € . Suppose we have a map

v:1xQ—>R"
which is a 4 map. Then we are interested in the IVP
(T) T = E = 'v(t,zc) ) w(t()) = Lo

The set 2 is called the phase space, and the &’s are called states or phases. I x ) is
sometimes called the extended phase space. A solution is often called an integral curve.
By a solution to this IVP we mean a pair (J, @) where J C I is an open interval in R
containing ¢y and
p:J =0

is a differentiable map such that

@(t) =o(t, 8(t) , Flto) =10
for each t € J. The interval J is called an interval of existence. Next, suppose (J, @)
is a solution of (). Consider the map J given by

Y(t) = (&, B(t) = (£, 01(t), ., u(t))
where (1, .., .on) = @ (component functions). Let Q = I x Q be the extended phase
space, and let
@ Q) — R
be the map given by
(s,@) — (1,U(s, &) = (L,01(8, &), ..., vn(s8, &) , (s, €
Then, consider the IVP

(o) E=w(E) | Elto) = (1o, %)
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Note that
(1) The differential equation (e) is autonomous, i.e the right hand side does not
depend upon 1.
(2) 4 is a solution of (e).
(3) Given a solution 9 of (e), say
"E = (1/}07 1, 1/}n>

then we see that ¢y(t) =t for any t € J and if ¢; := v; then @ = (1, ..., )
is a solution of (f).

Note that the DE (e) is an autonomous DE. So these observations tell us that to study
IVPs of the form (), it is enough to restrict our attention to autonomous DEs, i.e
DEs of the form

E=0(&) , Z(t) =%y

1.4. Autonomous equations when n = 1. Consider the following autonomous [VP
(since the dimension is 1, we won’t put an arrow):

(%) t=wv(x) , x(t) = xo
where v : Q — R is a €' map on an open interval  of R, z, is a fixed state in © and
tp a time point.
1.4.1. Time Reversal. Let ¢ : (a,b) — Q be a solution of (x). Recall that this implies
that ¢y € (a,b). The map

thr : (Qto — b, 2ty — &) —
given by

O (t) =2ty —t) , 22Ug—b<t<2dy—a

is a solution of the differential equation
(*4r) T=—v(z) , z(ty) = xo

The IVP (%) is called the time reversal of (x) (we will see the reason behind the
terminology) and the map ¢ is called the time reversal of .

1.4.2. State Reversal. Let ¢ : (a,b) — Q be a solution to (x). Set
—Q={zeR| —2€Q}
Let
v -0 = R
be the map v*(z) = —v(—z). Then v is €' and v*"(—zy) = —v(xg). Let
o' (a,b) — —Q
be the map ¢*(t) = —p(t) for ¢t € (a,b). Then, ¢* is a solution of the IVP
(%) t=v"(z) , xz(th) =—xo

The IVP () is called the state reversal of (%) and @™ is called the state reversal of
p.
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@"(t)
to=0

FIGURE 1. The curve in blue is ¢, the one in red is ¢ the one in orange
is ©*" and the basepoint is ty = 0. The time reversal is like flipping the
graph of ¢ around the axis t = t5. The state reversal is like flipping the
graph of ¢ around the z = 0 axis.

We now introduce a few more terms related to (x). A state z € 2 is said to be reqular if
v(x) # 0. Otherwise it is called stationary or singular, i.e x is stationary (or singular)
if v(x) = 0. We use the following notation.

e ={r e Q| vx)#0}
Qe =1z e Q|v(z) =0}
Note that €27 is an open subset of €2, and hence an open subset of R. Also, Q%" is a
closed subset of €).
1.4.3. Solving the equation. Suppose xg € 2", Let
Smax = (Tm, xpr) C QS

be the largest interval containing xy which lies in Q"¢. In other words S, is the
connected component of the open set 2'°¢ containing z.
Since v is nowhere vanishing on S,,.y, it has a constant sign on it. Let

0 Smax = (T, ) = R

be the function defined by

) H(x):tg—F/z%  reS

Since v(€) has a constant sign for £ € Spax, 6 is strictly monotone and hence one-to-one.
Moreover, 6 is continuous (infact €2). So let

Q(Smax) = (w,,er) = Jmax

Let Omax @ Jmax — Smax be the inverse of 6, i.e pu.c = 07!, The Inverse Function
Theorem shows that ¢, is differentiable and €. Now,

Q(SDmaX (t)) =1
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and hence "
7\ ¥max t .max t)=1
= (D) st
and because % = %, it follows that
Sbmax<t) _ 1
V(Pmax(t))

So, we see that
@max(t> - U((Pmax(t)) ) (pmax(tO) =Ty
and hence it follows that (%) has a solution, namely the function @ : (w_,w;) — Q.

1.4.4. The nature of the solutions. Having shown that a solution to (x) exists, we will
see how solutions to this equation look like.

First, suppose ¢ : (a,b) — Q"% is a solution of (x). Note that we are requiring ¢
to take values in "¢, We will soon see that every solution of (%) takes values in ('°.
Let J = (a,b). Because ¢ is continuous, ¢(J) is connected and contains xy. Hence, it
follows that ¢(J) C (T, Tar) = Smax (this is true since Sy is the largest interval in
(e containing xy). Now, we know that v(p(s)) # 0 for s € (a,b) = J. Also, we know
that

p(s) =v(e(s)) , s€l(ab)
So we have that
— =1
v(p(s)) ’

Integrating both sides of the above equation from ¢y to ¢ for some ¢t € (a,b) = J we

get
t / t
/ o (s) ds:/ds:t—to L tedJ
to ’U(QO(S)) to

Now use the substitution £ = ¢(s) to get

#( q¢
—=t—1 , teJ
/m o

Vs € (a,b)

which we rewrite as

»(t) d¢
t +/ — =t , telJ
" S 0

Now, let 6 be the function we defined by equation (x) in the previous section 1.4.3.
The above equation implies that

0(p(t)) =t
Now two things follow from this equation: first is that J C (w_,w, ) since the image
of 0 is (w_,w;) = Smax.- Note that ¢ = v o ¢ which is nowhere vanishing, and hence
@ is also one-one. All this implies that ¢ is an inverse of #. So, the above equation
implies that ¢ is an inverse of # and we see that

J = (avb) C ((,L)_,QJ+) = Smax and (,0_1 = 0|J

So, it follows that ¢ = Ymax|(ap)-
To summarise, if ¢ : (a,b) — Q"8 is a solution of (x), then

{(a,w C (w_,wy)

(%)
Y = Spmax‘(a,b)
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The statement (%) explains why we used the notation ¢y.c. As we mentioned before,
we can infact make a stronger statement: if ¢ : (a,b) — €2 is a solution of (x), then ¢
must take values in 28 and hence (#x) has to be true for ¢.

1.4.5. Some Observations. Let 6 and ., be the functions as in section 1.4.3. 6 and
¢“max being monotone and continuous are homomomorphisms between (x,,,x)) and
(w_,wy). If v(zg) > 0, they are both strictly increasing, and if v(zg) < 0 they are
both strictly decreasing. This gives us the following.

(1) If v(zp) > 0 then

Jim o) = o) =
and
tggl, <)Dmax(t) =Tm , tl—l>gi Qonnx(t) =Tpm
(2) If v(zp) < 0 then
xl_lglm O(r) =wy 11—13(}\4 0(r) = w_
and
lim meax(t) =TNM hm Qomax(t) = Tm
t—w_ t—w

Remark 1.0.2. Note that, in our discussion thus far, w_ and w, are allowed to be
—oo and oo respectively. Similar is the case with z,, and ;.

Suppose, for the sake of definiteness, v(zg) > 0. Hence, in this case point number (1)
above applies. We claim that if x5, € €2, then w, = co. First, note that if x;, € )
then v(xy) = 0, because (x,,, xpr) is the largest interval contained in €2 that contains
o and v is continuous. Next, let

M = sup{lo(€)] | € € [wo, za]}

Note that 0 < M < oo; M is finite because [xg, z)] is a compact set and v is €. By
the mean value theorem, for each = € [zg, x)/) there exists x* € [z, x)r) such that

v(z) = v(z) —v(zy) = 0(2") (¢ — 2m)
and using the fact that v does not change sign on (z,,, ) we have
v(e) = |v(2)] < M(zy —x) = € [x0,2m)

This means that
1 1 1

Z ar )
v(§) Mz =€
Hence for x € [xg, x5s) we see that

SR R

5 € [xOva)

Ty — To
=t —10
o+ M & Ty — X
So, it follows that
1 _
wy = lim O(x) >ty + — lim logw =00
T—=T )N M z—anr Ty — X

Lemma 1.1. Suppose v(xg) # 0, or equivalently xy € Q"8 .
(1) If v(zo) > 0 and xpr € Q, then wy = oco.
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1
0.8 | Lar Graph of @ = xyy
0.6

0.4

/ Graph of z = . (t)
02 increasing since v{zg) >t

-02

FIGURE 2. v(zg) >0 and 2y € @ = w; =0

Graph of @ = &y €Ty

Graph of z = ¢,,.(t)

Decreasing since v(zg) < 0

FIGURE 3. v(zp) <Oand 2y € @ = w_ = -

(2) If v(zo) <0 and xpr € Q then w_ = —00.
(3) If v(xg) < 0 and z,, € Q then w, = co.
(4) If v(zo) > 0 and x,, € Q then w_ = —o0.

Proof. We have proved (1) in the above discussion. Part (2) is obtained by applying
(1) to the time reversal (x;) of pma,. Part (3) is obtained by applying (1) to the state
reversal (#y) of Q.. Part (d) is obtained by applying (2) to the state reversal ()
of Ymax. I have included some pictures to explain things a bit better. See figures 2, 3
and 4 for cases (1), (2) and (3) respectively. |

Proposition 1.2. Let ¢ : (a,b) — Q be a solution of (x) with v € Q"8. Let
0, Pmaxs Tm, Tar, w—, wy etc. be as before. Then

(1) ¢ takes values in ™8,
(2) (a,0) € (W=, wy).
(3) Y = meax‘(a,b)~
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Graph of © = ¢,..(1) \

Decreasing since v(xg) < 0

T Graph of x = 2,

8 12 14 16 18 2 22 24 26 28 3 3

FIGURE 4. v(zg) <0 and z,, € Q@ = w; =0

Proof. Parts (2) and (3) follow from (1) in view of the statement (k%) that we proved
before. So, it is enough to prove (1). Let (o, ) be the connected component ¢! (£278)
containing the point y. Now ¢|(a,) takes values in "5, So, from (xx) it follows that
(aaﬁ) c (w*7w+) and
p(s) = Pmax(s) , Vs e (o,f)

It is enough to show that a = a and g = b. Without loss of generality we assume that
v(xg) > 0 (the case v(zg) < 0 can be handled by a state-reversal). Further, we will
show that b = . The proof mutatis mutandis will show that a = a.

Because (o, ) C (w_,w;) and («,8) C (a,b), we see that § < b and f < wy.
For the sake of contradiction, suppose 8 < b and 8 < wy,. Now, by taking limits,
clearly p(f) = pmax(8) € Q. This contradicts the fact that (a, ) is the largest
open interval containing ¢y in ¢ ' (Q"®). Therefore, either 3 =bor f =w,. If 3 =,
then we are done. So, suppose f = w; and < b. Since ¢ is defined on (a,b), ¢(B)
makes sense. Clearly, v(p(f)) = 0, again by the fact that («, ) is the largest open
interval containing ¢, in ¢~1(Q™8). Moreover, ¢ is increasing on («, 3) because of the
assumption v(zg) > 0. All of this implies that

(B) =xum

This means that x,; € €2, which then implies that w; = oo by Lemma 1.1 and hence
£ = oco. But then, § < b is a contradiction. So, if § = w, then § = 0.
The same argument shows that o = a, and hence we are done. |

Theorem 1.3. Consider the IVP (x). Then there is a maximal solution (Jyax, Pmax)
of (x) such that if (J, @) is a solution of (%) then J C Jyax and © = Pmax|s-

Proof. Suppose v(zg) # 0. Then we have already seen that this is true in Proposition
1.2. So, suppose v(zg) = 0. We claim that the maximal solution to () is the constant
function

ot)=z9 , VLER

In this case Jy.x = R. It is clear that this constant function is a solution of (x).
Conversely, suppose (J, 1) is a solution of (x). Suppose v(¢ (7)) # 0 for some 7 € J.
Let z* = (7). Then ® is a solution of the [IVP

t=wv(x) , x(r)=2a"
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So from Proposition 1.2, ¢ takes values only in 2*°¢, which is clearly a contradiction
because xq € J. [ |

1.5. Picard-Lindel6f Theorem. In this section, we will prove a very useful and
important theorem for existence of solutions to certain ODEs.

1.5.1. Notation. Let A C R™. A function f: A — R" is said to be Lipschitz if there
is a constant L > 0 such that

|f@ - F@l <Llg -3 . vagea
The constant L is called a Lipschitz constant for f

Suppose I = [a, b] where a € (=00, 0) and b € (a,00]. We say f: [ — R"is ¢ if
%Jr\t:a j? exists, and the resultant function f : I — R"™ is continuous, where f(a) is the
one-sided derivative we just mentioned. Similarly, we can make sense of €' functions
on intervals of the form (a,b] and [a,b]. If I is a closed and bounded interval in R,
then we denote the set of all continuous maps on I taking values in R™ by C'(I,n). We
know from earlier courses that (C(I,n),|| - ||) is a Banach space, i.e it is a complete
normed vector space.

To prove the existence and uniqueness of solutions to DEs to IVPs on [, it is more
convenient to work with a different norm denoted || - ||,,. Let to be the midpoint of I
and |I| = 2b. Then, I is of the form [ty — b, to + b]. Let L be a positive number. Then
we define

[l = {1 - w2 €I, m) = [0,00)
by
[1£]lw = supye {e | F (1)1}
It is straightforward to check that this is a norm.

Lemma 1.4. || ||, and || - || are equivalent norms.

Proof. Tt can be checked that
e flloe < 1 Fllw < 11l VFeCUn)

Theorem 1.5 (Picard-Lindel6f Theorem). Let @ € R”, ty € R and let
T:[to— a,to+a] x B(@,r) — R"

be a continuous map with upper bound M for ||U(t,Z)||. Suppose further that there
is a positive constant L such that for each t € [ty — a, to + , the function ¥(t, ) :
B(a@,r) — R™ is Lipschitz with Lipschitz constant L. Then the IVP

Z=U(t,%) , Z(tp)=a
has a unique solution defined on [ty — b,to + b] where b = min {a, %}

Proof. Let I = [ty — b,ty + b] where b is as in the statement of the theorem. Let
|- |lw = || - ||w,z where L is the constant in the statement of the theorem. Recall

| £l = supye, {e~ 20710 | £11)] 1}
Let

—

)| £(I) € B(a,r)}

X ={fecn) |
)L IIF) —all <rtel}

—{fecu

,n
,n
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Clearly, X is closed in C(I,n). Therefore (X,|| - ||) is complete. Since || - || and
|| - || are equivalent, (X, || -]|s) is also complete.

For fEX and t € I we define

(Tﬂ(t):d’+/t T(s, f(s))ds

—

By the fundamental theorem of calculus, the map ¢ — (Tf)(t) is differentiable on [
and hence it is continuous. Moreover, we have

—

Mfﬂ@—ﬁﬂzd[ﬂ@7ﬂﬂs
<| [ 196 Floplas
< M /tds
<M(t—0t0)
< Mb

<o et -minfo i)
<r , since b =minq o, —
M

Notice the absolute value signs above; we have put it for the case ¢t < 3. So, it follows
that Tf € X. Hence we have a map T : X — X. Suppose f,g € X. Then (again we
put an absolute value sign everywhere for the case t < ty)

[{maﬂQ»—Wam@»w

—

el |[(TF) ) — (T)(0)]] = e

S 672L‘t7t0‘

ZWW@f@»—mamﬁm@

S 6—2L‘t—t0‘ . L

[Hﬂ@—ﬂﬁWs

t
[ 17— giluds

to
L[ — gl e 2wl
N 2L

1.2 . oLt
= SI1F = Glu(1 — e2H0)

1 -~
= IIF -4l

< L€72L‘t7t0‘

|62L|t—t0| - 1|

So, it follows that
— . ]_ — -
17f = Tgllw < 5I1F = §ll
1

Hence, T' is a contraction mapping with contraction factor 5. By the contraction

mapping theorem, it follows that 7" has a unique fixed point in X, say . This fact
translates to the equation
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and hence @ is a solution of the given IVP.

Conversely if 1,5 is a solution of the given IVP in [tg—b, ty+b] then by the fundamental
theorem of calculus, for t € I we have

Bt) = a+ /tt B(s)ds

() —aQ+t / B(s, B(s))ds

Hence for ¢ € I we have

/ (s, B(s))ds

< Mt —to|
<Mb<Zr

Thus ’I,E € X. From (}) we see that TV,E = 'I,E and hence by uniqueness of the fixed
point if follows that @b = ¢¢. This completes our proof. |

Definition 1.2. Let Q be a domain in R x R", i.e € is a connected open subset of
R A map
v:0Q—>R"

is said to be locally Lipschitz with respect to the second variable (or in our case, with
respect to the phase) if it is continuous and for each (to, @) € €2, there is a positive
number L = L(ty, @) and a product set I x U containing (to, @) as an interior point
such that for each ¢ € I, the restriction of ¥(t,__) to U is Lipschitz continuous with
Lipschitz constant L = L(tg, @). We say it is uniformly Lipschitz if L(ty, @) does not
depend upon the point (¢, @).

1.6. Maximal Intervals of Existence. Let €2 be a domain in R x R”™ and let ¥ :
2 — R™ a continuous map such that for each (o, @) € Q the IVP

(%10.) E=0t&) , ZT(t)=a

has a solution on some interval I (open, closed or half open) containing ¢, in its interior,
and the solution is unique on this interval.

Let us fix the point (t, @) € Q. If I is an interval on which the solution to (*, z)
with ¢ in the interior of I, we call I an interval of existence for (x4 z).

Now, suppose I3, [ are open intervals of existence for (x,z) . Let 7 and ¢ be
solutions of (%, z) in 11, Is respectively. From the hypothesis, the set

S={te Linh|@i(t) = @a(t)}
is open. Indeed, if 7 € S and @* = ¢1(7) = P2(7) then 7 and @5 are solutions of
(*rz) (i.e the initial timepoint is 7 and the initial phase is @*), so in a neighborhood of
T, @1 and @5 agree. On the other hand, S is clearly closed (in /; N 15) and non-empty,
since to € S. Since I; N I is connected this means S = I; N I3, because the only sets
which are both closed in a connected set are the empty set and the set itself. So we
see that
1 and po agree on Iy N I

From the above, the union of all open intervals of existence for (%, z) is also an interval

of existence; we have shown that the solutions agree on the intersection of any two
open intervals, hence the solution can be extended to the union of all the intervals.
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Moreover, this union will not be a disjoint union because the point ¢, belongs to all
the intervals of existence. Now, let

Jmax = (W_,wy) = UI

where the union is taken over all open intervals of existence of (%, z). Clearly, it
follows that Jiy.x is an open interval of existence of (x4, z).

Now suppose [ is an interval of existence of (% z) (not necessarily open). If I is
open, clearly I C J.c. If I is not open, then it is still true that I C J,.«, and we now
show this. Without loss of generality, suppose I = (a,b], i.e I has a right boundary
point, and let ¢ be the solution of (x;, z) on this interval /. Put a* = @(b). From
our hypothesis, there is an open interval I’ = (b — d1,b + J2) of existence of (xpz+)
with 01,02 > 0, and let the solution on the interval I’ be c,;’. So, we can extend the
map @ to the open interval (a,b + ) by making it equal to ¢ on (b,b + d2). By
this, ¢ becomes a solution to (%, z) on the open interval (a,b+ d2). So, we see that
I C (a,b+ 02) C Jnax, and hence we are done.

Remark 1.5.1. In all of this, we have assumed that the intervals have non-empty
interiors. The degenerate cases where the intervals are singletons are not interesting.

1.7. The General Existence Theorem. Now we will prove the following existence
theorem in higher dimensions.

Theorem 1.6. Suppose € is a domain in R x R™ and ¥ : Q2 — R™ a locally Lipschitz
continuous function with respect to the second variable. Let (ty,an) € Q. Then the
VP

(k0.03) & =Tt,&) , &) =ao

has a mazimal interval of existence, and is of the form (w_,w,) with w_ € [—00,00)
and wy € (—oo,00]. There is a unique solution

Po = Plt.ap) * (W, wy) = R”
of (*15.45) on (w_,wy) and any solution of (*4.a) on an interval I containing ty is the

restriction of @Gy to 1. The variable point (t,Fo(t)) leaves every compact subset K of
Qastlw_ and ast T w,.

Proof. 1 claim that only the last statement needs to be proven, and everything else
has been proven. This is so because at the point (o, @p) we can use the local Lipschitz
continuity (w.r.t the second variable) of ¥, and apply the Picard-Lindel6f Theorem
1.5 to get the existence of a unique solution to (% 4;). The existence of maximal
intervals follows from the discussion in the subsection 1.6.

So, let K C € be any compact subset. For each (¢,a@) € K, pick a closed rectangle
[t —2a(t,@),t + 2a(t,@)] x B(@,2p(t,@)) (where &(t,a@) and p(t, @) depend on the
point (¢, @), and notice the factor of 2) such that this closed rectangle is contained in
2 and in which ¥ is uniformly Lipschitz in the second variable; such a rectangle exists
because €2 is an open set and ¥ is locally Lipschitz.

The sets (t — «, t+«) x B(@, p) (where again « and p are dependent on (¢, @)) form
an open cover of K as (t, @) varies over K. By the compactness of K, we have a finite
subcover. So, K is covered by a finite union of closed rectangles

K C U[tz — a;, ti + ;] X B(di, pi)
i=1
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Now, let K’ be the union of closed rectangles

K = U[tZ — 20(2‘, t; + 2062] X E(d’,, 20éz>
i=1
Let (¢t,@) € K. Then, (t,a@) € [t; — oy, t; + ;] x B(@a;, p;) for some 1 < i < m. Then
from the triangle inequality we have the following.
(0) [t — oy, t+ Ozi] X E(C—i, pz) - [tz — 20&1‘7 t; + 2&1] X E(C_i, QPZ)
Note that K’ is compact being a finite union of closed rectangles. Let
M = sup, g)c x| |U(t, @)
a = minlgigm()éi

T =min < <mpPi

T
il )
min OCM

On each rectangle [t; —2ay, t; +2a;] x B(@&,2p;), we know that ¥ is uniformly Lipschitz.
By (e), it is therefore uniformly Lipschitz on [t —a, t+a] x B(@@,r). So by the Picard-
Lindel6f Theorem 1.5 we know that if (7,d) € K then there is a unique solution
©(rg) on [T —b, 7+ b] to the IVP

(%r.2) E=0(t&) , T(r)=a

Note that the above equation gives us a family of IVPs as (7, @) varies over K, but
note that the constant b does not vary; in other words, as (7, @) varies over K we get
a different IVP, but the interval of existence of the solution, which is [T — b, 7 + b], has
fixed length.

Note that @y = Psy,a5) Where Gy is an in the statement of the theorem. Suppose
7 € (w_,wy) and @ = @o(t). From the uniqueness of solutions, clearly @y = F(-.a).-
Moreover, the maximal interval of existence of @, g) is therefore also (w_,w;). So, it
follows that if 7 € (w_,w, ) and (7, Fo(7)) € K then [ — b, 7+ b] C (w_,w,), i.e

(1,P0(1) E K — w_4+b<7T<wy—0b

It follows that if 7 € [wy — b,wy) then (7,@y(7)) ¢ K and if 7 € (w_,w_ + b] then
(1,Po(7)) ¢ K. This proves the claim if both w_ # —oc and w; = co. If w_ = —o0 or
wy = 00, the claim is trivially true because K, being a compact set, is bounded. W

Corollary 1.6.1. If U C R" is a bounded open set and Q2 = (¢,d) x U with (c¢,d) an
open interval in R, then either wy = d or @o(t) — OU ast T wy, and either w_ = ¢
or Go(t) = oU ast ] w_.

Proof. We will only prove the statement for w,, and the statement for w_ will have
an analogous proof. Suppose w; # d. Then w, < d and for € > 0 sufficiently small
—€+w; € (¢,d). Let
f:R" = [0,00)

be the function given by

f(z) = infzeou||Z — Z]|
or in simple words, f is the distance from 9U. Clearly, f is a continuous function. For
e > 0, put

Fe={ZecU| f(Z)=¢}
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and let K, = [—€ 4+ wy,wy] x I'e. Then K, is compact and for sufficiently small €, K,
is a non-empty subset of 2.

So by Theorem 1.6, (¢, Gy(t)) exits K.. It cannot exit anywhere on {w,} x I, for
Po(t) does not make sense for t = w,. Thus, there exists 7. € [—€ + w,,wy) such that
f(Po(t)) < eforall t € [r.,w;). This proves @o(t) — OU as t T wy. This completes
the proof. |

Corollary 1.6.2. If Q = (¢,d) x R™ with (c¢,d) an open interval in R then either
wy =d or ||@o(t)|] = oo ast T wy, and either w_ = c or ||@o(t)|| = 00 ast | w_.

Proof. Apply Corollary 1.6.1 to (¢,d) x B(0,n) where n € N. If w, # d, i.e w, <d
then @o(t) — S(0,n) as t — w, (here S(0,n) = {x € R | ||Z]| = n}). Let n — ooc.
Clearly, ||@o(t)|| = oo as t T wy. A similar argument works for w_. This completes
the proof. |

1.8. First Order Linear Equations. Let ||-||, be the operator norm on Homg (R™, R™)
as well as on M,, ,(R), the space of m x n real matrices.
We know that if A € Homg(R"”,R™) then

[|Alo = sup [[AZ]]

||1Z||=1

Theorem 1.7. Let I C R be an interval (closed, half-open or open, but with non-empty
interior), A : 1 — M,(R) and g : I — R"™ continuous maps. Let (to,dy) € I x R™.
Then the IVP

(%) B(t) = A(E(1) +§(t) . F(to) = do
has a unique solution on I.

Remark 1.7.1. Equations of the above form are called linear differential equations.
If g(t) is identically zero, then it is called a homogeneous linear differential equation.

Proof. Note that we can find an increasing sequence of closed intervals
IhchLclhc..Cl,C..
such that I = JI,. Therefore, it is enough to assume that I is closed, say I = [c, d].

Next, let
M= supl GOl . L= supl|AQ)]|

Note that if we set U(t,z) = A(t)Z(t) + g(t) then
|(t, x) = o(t, y)|| = [|A@)Z — A()]]
< [[ADI]]|1Z — gl
< L||Z - ]|

So ¥ is uniformly Lipschitz in the second variable on 1.

Forn > 0, let I, = (¢ —n,d+n). Set Q = I, x R". Extend A to I, by setting
A(t) = A(d) for d < t < d+n and A(t) = A(c) for ¢ = n < t < c¢. Similarly,
extend g to I, by the same recipe. Now A and g are continuous on [,. Again set
U(t, &) = A(t)&(t) + g(t) for t € I,. Note that M remains the supremum of ||g(¢)|| on
I,, and L the supremum of ||A(t)||o on I,. Clearly the extended ¥ is also uniformly
Lipschitz in the second variable on I,,.
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Let Jpax = (w—,wy) be the maximal interval of existence for our (extended) IVP.
Recall that Q = I,, x R™. For simplicity consider ¢ € [t,w, ) (the case t € (w_, ty] can
be handled similarly). Let

K = ||| + M(ws — to)
Let @o @ Jmax — © be the maximal solution of our (extended) IVP. Then for t € [ty,w )

Folt) =+ [ A s)ds + [ o)

to to

Therefore

t t
H%wuﬂmm+lumwwmmmw+[umﬂm
(0] . . 0
SWM+{/MMMW+M/dS
to to
t
:ﬂWM+M@—m+L/H@@m@
to

t
< llaol| + Mo = t0) + L [ 1Ga(s)]ds
to

So from all this, we get

() H@wMSK+L[H@wmm

Let f(t) = ftto [|Bo(s)||ds. Then (xx) amounts to
(1) f(t) < K+Lft) = f'(t)—Lf(t) <K

Now we use the trick of multipliying by the integrating factor. So, multiplying both
sides above by e ™ we get

() — LI < e MK
which means
pr e_Ltf(t)} <e MK
So integrating both sides of the above inequality, we get
t d t
/ —{e7 o f(s)}ds < K/ e tds
to dS to
and this implies that
K
e M f(t) —e M0 f(to) < —L(G_Lt — e )
Because f(to) = 0, this gives us

ethf(t) < (etho o eth)

~| =

and hence

K(GL(t—to) . 1)

f(t)Sf
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Substitute this inequality back in the inequality (f) and we get

K
F(t) < K+ L (M) — 1)
— Kel(t—to)
< KeF(wy —to)
and all of this means
|@o(t)]] < Keltr—to)

This means that ||@y(t)|| is bounded on [tg,w;). So, Corollary 1.6.2 implies that
wy = d+n, because if wy < d+mn, ||@o(t)|| will be unbounded. Similarly, w_ =c¢—n.
This shows that @, exists on I. This is what we had to prove. |

Remark 1.7.2. @y(t) depends upon the point (o, @) and hence @y(t) = @(to, do, t).
We will show (if ¥ is ¢ in &) that @ depends smoothly on (¢, @p).

1.9. More on Linear DEs and Variation of Parameters. For this subsection, let
I and A be fixed as in Theorem 1.7. Define

T:¢ 1) — ¢°()

by Tf = f — Af. Here, for non-negative integer k, €*(I) is the set €*(I,R"), the
R-vector space of €* maps from I to R™.
Clearly, T is a linear map. It is also surjective because if § € €°(I) we know that

the linear DE (%) has a solution. Let ¢ be a solution of (x). Then clearly 7@ = g.
Let

S = Ker(T)
Clearly S is the set of solutions of the homogeneous linear DE
(%) @ = AZ

on I. Note that automatically S gets a natural structure of an R-vector space. As in
problem 5). of HW-2 we can prove that S has dimension n.
Theorem 1.8. Let A, I,T,S be as above. Then the following are true.

(1) T :€'(I) — €°(1) is surjective.

(2) S has dimension n.

Proof. The proof is summarised in the above discussion. |

Let g € €°(I). We know T~1(g) is non-empty since T is surjective. Moreover, T is a
linear transformation with null space S. So if @ € T~1(g) then

T7Hg) =5+¢

In this case, @ is said to be a particular solution of (x) and S is the set of solutions of
the homogeneous linear DE (sxx).
In summary, the general solution of the linear DE (k) is of the form

6: 01Q31 + ..+ CnQBn + Qap

where ¢y, ..., ¢, are arbitrary constants, @1, ..., 3, is a basis of S, i.e a set of linearly
independent solutions of (xx) and ¢, is a particular solution of (x). The term ¢;F; +
. + @y, is called the complementary solution.
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1.9.1. Variation of Parameters. Consider the linear DE (x) with A and g in €°(1).
Suppose further that we have a basis @1, ..., 3, of S. Let M be the square matrix
whose i column is @;, i.e

M=[@ .. @]
Now we have that

M : 1 — GL,(R)

and the fact that the range of M is GL,(R) is actually not hard to see, and is problem
3). of HW-3. Moreover, since each entry in M is €, therefore M is €. Also, we
have

V=[5 . 4
— [A@, .. Ag)]
3.

and hence
(o) M = AM

Let 1) be the solution of (x). For t € I, since M(t) is invertible we can find scalars
ui(t), ..., up(t) such that

B(t) = w(OF1(E) + oo + ua(DFa(t)
Indeed, set
us (t) Y1 (t) .
at)y=| .. | =M | .. | =Ml PH)
u”(t) ¢n(t)
Then clearly M(t)@(t) = (t), and so the required ui(t), ..., u,(¢) have been found.
Infact, since M (t) is invertible, 4(¢) is actually unique. Since

M1 T — GL,(R)

is continuous, it follows that @ : I — R" given by & = M *11,; is also continuous.

So we can translate the problem of finding a particular solution 1; of (%) to the
following: find continuous @ : I — R™ such that M is a solution of (x). Let @ be
such a function. Then by problem 4). of HW-3 and equation (e) we see that

d . .
(M) = M + M

= AM@ + M

On the other hand, since M4 is a solution of (%) we have

%(Mﬁ) = AM@ + §

Equating the right sides of the above equations we get
Mi =g

and hence we see that
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With this 4, a solution of (x) is

1.10. One Parameter Group of Transformations. Let M be any set, and let
g:Rx M —M

be an action of the additive group R on M. For fixed t € R, write ¢* : M — M be the
map given by the formula

g'(m) = g(t,m)
Being a group action, we can regard g as a homomorphism

g: R — Aut(M)
We have the following two relations, which are immediate.
(+) g9 =g"
90 =1y

Definition 1.3. Any map ¢g : R x M — M satisfying (x) is called a one-parameter
group of transformations. This is often denoted {¢g'}. The pair (M, {g'}) is called a
phase flow.

Definition 1.4. Let (M, {g¢'}) be a phase flow. Then M is called the phase or state
space of the flow. A point of M is called a phase point or a state.

Definition 1.5. Let x be a phase point. The map
p=p;,:R—>M
given by
p(t) = g'x
is called the motion of z under the flow (M, {g'}). Its image is called the phase curve
of x.

Remark 1.8.1. From this point on, whenever the term manifold is used, we can just
think of it as an open set in R".

Definition 1.6. By a one-parameter group {g'} of diffeomorphisms of a manifold M
(which can be thought of as a domain in Euclidean space) is meant a mapping
g RxM—=M , gtz)=g¢x , teRzeM
of R x M into M such that
(1) g is a €? mapping.
(2) The mapping ¢* : M — M is a diffeomorphism for every ¢ € R.
(3) The family {¢' | t € R} is a one-parameter group of transformations.

Remark 1.8.2. Note that condition (2) above is actually redundant, as condition (3)
forces condition (2).

Definition 1.7. A one-parameter group of linear transformations in R™ is a one-
parameter group of diffeomorphisms

g:RxR" > R"

such that ¢' : R®” — R" is a linear transformation for every ¢t € R.
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Here is a review of what we will be doing.

(1) All one-parameter groups of linear transformations are of the form g' = e*4

where A is a linear transformation. We will (later) define e* = >~ 4% for any
n X n matrix A.

(2) Consider the IVP
T=9(t,x) , T(r)=a
The solution @(; ) depends upon the point (7, @). Rewrite as
93(7,5) (t) = 5(77 C_iv t)

If T is €, then @ varies smoothly with 7, @ and t.

1.10.1. The phase velocity associated with {g'}. Fix a one parameter group of diffeo-
morphisms {¢g'} on an open set M of R". For & € M, let

Pz R—>M
be the map t — ¢'&. As before, we write
S d
Po = a%ﬁ
Note that
Bz R R"

Definition 1.8. The phase velocity vector of {g'} at & € M is the vector ¥(ZF) given
by the formula
: 3=(h) — &
3(@) = G,(0) = lim P22
h—0
The map ¥ : M — R” given by & — ¥(&) is called the phase velocity field.

Theorem 1.9. Let ¥ : M — R™ be the phase velocity vector field of a one-parameter
group of diffeomorphisms {g'} and let Zy € M. Then @z, (as defined above) is the
unique solution to the autonomous I'VP

E=9@&) , Z0) =2,

Proof. Uniqueness follow from Theorem 1.6; because the map g is assumed to be €2,
we see that the map ¥ is €', and we know that €' maps are locally Lipschitz. We
have to show that @z is a solution to the given IVP. W e clearly have @z (0) = oo,
and hence the initial conditions are satisfied. Furthermore, we have the following:
iR Y 95‘1‘:‘0(5+h) _95550(3)
z(s) = lim h
sthiz\ _ (7
— lim? (o) — g°(&o)
h—0 h

= lim
h—0

= lim
h—0

= ¥(g°(Zo))
= U(@a,(5))
and this completes the proof. |

h
Bys (@) (1) — g° (%)
h
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1.10.2. One-parameter group of linear transformations. Here, we will see an interesting
example of one-parameter groups.
A one-parameter group of linear transformations on R™ is a one-parameter group
{g'} of diffeomorhpisms of R™ such that each ¢g' : R" — R" is a linear transformation.
Note that this gives us a group homomorphism

g:R = GL,(R)

such that g is ¢?, where we are regarding GL,(R) as an open subset of R™.

Let {¢'} be a one-parameter group of linear transformations on R". We will compute
the phase velocity field. Because g : R x R* — R" is €2, it follows that the map
R — GL,(R) C R™ given by ¢ — g is €2 (it’s a good little exercise to check why this
is true), and hence has continuous partial derivatives. Let

dat
and hence A € M,(R). Because all norms on R" are equivalent, we get that
h
— 1
lim ||£—= — 4| =0
h—0 h .
where || - || is the operator norm on M, (R) and I,, is the identity matrix/map.
As usual let || - || be the standard Euclidean norm. We have the following.
hz _ 3 h_1T,
‘gmhw_Aj, _H(Qh —A)(:l_f)
h
g _In
< |55 | e

(o]

The last quantity goes to 0 as h — 0. So it follows that

and hence by definition, AZ is the phase velocity at & for {¢'}.

Remark 1.9.1. We will soon show that this forces ¢g* = e for any t € R, where A
is as above. This will show that any one parameter group of linear transformations is
given by an exponential.

Remark 1.9.2. Consider the DE
T =AZ
We will show, after exponentials are defined, that {e!} is a one parameter group,

with phase velocity field ¥(Z€) = AZ. From Theorem 1.9 it will then follow that
Pa(t) = €@ gives us a solution of the given DE with the initial condition £(0) = @.

1.11. The Exponential Map. Let n € N be a fixed natural number. Let K € {R, C}.
For R > 0, let
Br = {T € Homg (K", K") | ||T||l < R}

Let
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For 0 <[ < k we have
ko opm
P
m=Il+1
k m
Z T[]
m)!
m=Il+1
ko pm
>

m=[+1

15%(T) = Si(T)]o =

o

IN

Since ), -, R™/m! is convergent, the above chain of inequalities shows that {S;} is
uniformly Cauchy on Bgr. Now because Homg (K", K") is a finite dimensional vector
space, it is a complete space and hence {Si(T")} is a convergent sequence, and infact
it converges uniformly on Bg. So, we conclude that

(o) Tm
Z oy converges uniformly on compact subsets of Homy (K", K")

m=0

Definition 1.9. Let T € Homg (K" K"). The exponential ¢! of T is the element of
Homg (K™, K™) given by

o0

Tm
€T:Zm

m=0

Theorem 1.10. The exponential series for el converges on compact subsets of Homy (K™, K").
Also, if S and T are commuting elements of Homg (K" K™) then

oT+S — TS

Proof. We only need to prove the second statement of the theorem. Now suppose
S and T are commuting linear maps on K". Since S and 7" commute, the binomial
theorem applies and we see that

m k i K
57 = sl = || S EEE s s L
(S+1)" — ST
ml _Zzl!(m—l)!
S+T)m L1 & m P
X (1)

(S+1)" 1
m! m!

M 1
L
1

3
]
o
3
]
o
=)

I
NE

3
]
(en)
3

|
[~]e
|
=8

™
+
=3
3

3
Il
()
3
Il
()

o

(S+1T)m
m)!

[
NE

m=k+1

o

i (IS]le +11TTlo)™

m/!

IN

m=k+1
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(Update: there is an error in the above computation, but it can be suitably fixed).
The last term can be made as small as needed by choosing m large enough. So it
follows that Si(S)Sk(T) — €75 as k — oo, and this proves the claim. |

1.11.1. Linear DE with constant coefficients. Suppose A € M, (R). We show that ¢4
is a one-parameter group of linear transformations. Note that the equality

e(t—i—s)A _ etAesA

holds for all ¢, s € R by Theorem 1.10. So, we only have to check that the map
g:RxR" 5 R", (t,&)— 2

is ¢2. But this is true, and infact g is € because of the following: if we fix ¢t € R,
then the map e : R® — R” is a linear map, and hence it is €. Also, if we fix
& € R”, then the map e!4& is given by a power series, and hence it is €>. So, all the
partial derivatives of g are ¥°°, and hence g itself is €.

Now, we show that

detA
g =0 =4
We have
detA
i — A=l (e — T,) — A
1 [ hmA™

= lim— I, A
h—0h — m)!

gy o0 hm—lAm

B hlE}r(l) m=2 m|

As h — 0, we can assume that |h| < 1, and hence |7t < |h| for m > 2. So we have

‘ de'! A"

Al < HAfle" . 4l _
o= < o3 B < i =0
By definition, it follows that the phase velocity field of {e!4} at & is AZ. We have
actually proven the following theorem.

Theorem 1.11. Let A € M,(R), @ € R™ and @ : R — R™ be the map given by

P(t) = et4a@ and ¢t = e for t € R. Then @ is the unique solution to the IVP
T =A%, £(0) =a.

Proof. We have seen that {e/} is a one-parameter group of linear transformations
in R", and the phase velocity field is given by ¥(&) = AZ. Now we can just apply
Theorem 1.9. |

Corollary 1.11.1. All one parameter groups of linear transformations in R™ are of
the form et4 for some A € M,(R).

Proof. Let {g'} be a one-parameter group of linear transformations on R™. In section
1.10.2, we showed that the phase velocity vector of {g'} at some & € R™ is given by
V(&) = AZ, where

dg'

A= —"]|,_
dt =Y
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From Theorem 1.9 it follows that the map ¥R — R" given by J(t) = ¢'d is the
unique solution of the IVP & = A&, £(0) = @. However by Theorem 1.11 we also

know that the map @(t) = €@ is also a solution of this IVP. So we see that P =3,
and hence et = ¢* for all t € R. [ |

1.12. Jordan Canonical Forms. A Jordan block matrixz is a square matrix of the
form

(1.1) T=J0\) = J,(\) = J =

OO OO >
OO O >
SO > O
O > = OO
> = O O O
o OO oo

(0 0 0 0 0 0 Al

i.e the main diagonal consists of A, and the super-diagonal consists of only 1. The rest
of the entries are 0.

Remark 1.11.1. The following are true of the matrix J(\) above.

(1) Aisan eigenvalue of J(A), and {€,} is a basis for the corresponding eigenspace.

(2) Over an algebraically closed field, for any linear transformation 7" : V' — V on
a finite dimensional vector space we can find a basis B = {vy, ..., v, } of V such
that the matrix of T" with respect to vy, ..., v, looks something like the below
block-matrix form.

J1

Jk

Here each J; is a Jordan block matrix.

(3) The number of Jordan blocks corresponding to an eigenvalue A is the geometric
multiplicity (i.e the dimension of the corresponding eigenspace) of A.

(4) The Jordan form above for T' is canonical, i.e upto permutation of the blocks
any two Jordan forms for T are the same.

(5) The Jordan decomposition given above decomposes V' into a direct sum

V=VieVhe - -dV

with V; corresponding to the Jordan block J; and J; can be regarded as a linear
operator on V;. The sets BNV, for 1 < ¢ < k partitions B into disjoint sets,
and for each i, BNVj is a basis of Vj.

(6) Suppose the field is C. The basis B can be chosen in a way such that the
following holds: if BNV, = {4}, ..., }, then the conjugates @} for j = 1,...,7;
are also in B and form an ordered basis for some V; in the given decomposition.
If the eigenvalue corresponding to V; is real then V; = Vi, otherwise V| # V.

1.13. Real Jordan Canonical Forms. These are also called real canonical forms.
Let T € Homg(R",R"), and let T : C* — C™ be its complexification. Now, we can
find a basis B of C" such that the matrix of T with respect to the basis B is in Jordan
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canonical form

Ji
Suppose the Jordan decomposition decomposes C" into a direct sum
C"=Vio---V,

Let V' be one of the V}, and without loss of generality assume V' = V;. Let J be the
corresponding Jordan block. Assume the eigenvalue corresponding to J is not real, i.e

A¢R

Let BNV = {#,...,4d,} where the ordering of the subscripts is the same as the
ordering in B. We immediately see that

Te(ty) = A,y
T(C(ﬁz) :’111‘71—{—)\'115, y 1 :2,...,7°
If @; = i, for 1 < i < r then as mentioned in point number (6) in Remark 1.11.1 we

see that {0, ..., w,} is an ordered basis for some V; # V. Without loss of generality,
we assume V; = V5 and let W = V5. We see that

T(c(’lﬁz) :’lﬁi_l —FX’(BZ, 5 2‘22,...,7“

Also, we see that {iy,...,U,, W, ..., W, } is a basis for V @ W.
Now, for 1 < 5 <r, let

and we immediately see that for each 1 < j <r

— —

- N = L=
’U,j:C'—I—Zdj s ’lUj:Cj—ldj

and the thing to note is that each ¢;, ci; € R". Also, note that the span of {uy, ..., ¥, W, ...

is equal to the span of {c, ..., &, d,, ...,ci;}, and hence the set {é, ..., é.d, .. cz;} is
a basis of Vg W.
If A = a + b, then it can be shown that

I A
Cj_1+aCj—bdj 2<]§T
and that
rd, = PG Taedi 1=1
dj_1+ij+adj QSJST

So, if we modify our basis so that the 2r members are written in the order

— T - 7 — 7
(*) Cl7d17027d27"'7cr7dr



DIFFERENTIAL EQUATIONS 27

and if we do this for every pair of eigenvalues which are not real, then the matrix of T’
with respect to this basis will look as follows: the blocks corresponding to the elements
as in (%) will be of the form:

M I, 0]

M I,

(1.2) J=J\A) = M
I
L M_.

where M is the 2 x 2 matrix

(1.3) M = {_“b 2]

When A € R, we have a simple Jordan block of the form (1.1). If A ¢ R, we have a
block of the form (1.2). These blocks are called real Jordan blocks or real canonical
blocks.

1.14. Revisting Exponentials. First, we will look at a lemma that is useful for
computing exponentials via Jordan decompositions.

Lemma 1.12. Let A € M,(R) and I" € GL,(R). Then the following hold.

—1 . . . .
(1) ™I =TeAT'"L. So, change of basis respects exponentiation in some sense.

(2) If

A 0 0 0

As 0 0

A Ay -+ 0

’ 0

Ay

then

e 0 0
etz 0 0
e = et 0
0
A

Proof. For (1), observe that for every N € N we have

N N
(TAD-H)m Am .
AV o E R
— m) — m!

Taking limits on both sides as N — co, we get what we want to prove.
For (2), note that

A 00
00
A= 0

0 0 O
Ay 0
0

o O O

_|_

oo oo o
oo coo
+
_|_

o oo o
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and clearly, the matrices in the above sum commute with each other. So keeping
Theorem 1.10 in mind, we can assume without loss of generality that

A2 = ... = At - O
Let the size of the block A; be r; x r;. Put

AT 4
ZN = Z W — et
m=0
and let
et
I,
E = I,
I,
Then
ZN
0
N
Am
S
m/!
m=0
0

which is easy to see. Moreover, it is easy to see that the operator norm of the RHS
above is ||Zn||o, which easily follows from the definition of the operator norm. So, it

follows that
x Am
S
m/!
m=0

which means that e = E. And this is what we had to show. [ |

1.15. Structure of solutions of homogeneous linear DEs. Let A be a constant
n X n matrix over R, and consider the DE

T =A%

Let the real Jordan form of A be

Ji
There is some I' € GL,,(R) such that
A=TJr!

As we saw in section 1.13, the blocks J; for 1 < ¢ <t are either of the form (1.1) if
A € R, or they are of the form (1.2) if A ¢ R. Here \’s are the eigenvalues of A.

Now suppose A; € R and let J; be the corresponding Jordan block, and let it’s size
be r; X r;. So we see that
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where B is the r; x r; matrix whose super-diagonal consists only of 1’s. Since \;I,,
and B commute, we see that

6tJi —_ et/\ifri+tB — et)\i[” etB
— et}w‘[rietB
Lt 220 ..t/ (n—1)!
Lt (= 2)!
=™, 1 .. 773 (= 3)!
1

where in the last step, we have used Problem 2 of QUIZ-1.
On the other hand, if \; ¢ R, then the corresponding Jordan block J; is of the form
(1.2), i.e

M, I 0
M; I,
Ji= M,
Iy
i M; ]

where M; is of the form (1.3) with a = a;, b = b; being the real and imaginary parts of
A. In that case, by problem 4). of HW-5 we see that

[ tM; tM; 12 tM; ot e
e te 576 Y
etMi pptMi t(ri—2) etMi
(r;i—2)!
tM; R A N0,V 6
elli = € (3¢
tetMi
etMi
and
v, | €icos(th;)  —eisin(th;)

7 |etusin(th;)  etvicos(th;)
where a;, b; are the real and imaginary parts of A respectively.

Now, from Theorem 1.11 we know that the solutions of & = AZ are of the form '@
(where @ € R" is fixed but arbitrary). More precisely, the solution of the IVP & = AZ,
Z(0) = @ is F(t) = e"*@. So using Lemma 1.12, we see that the solutions of the DE
are of the form @ : R — R" where @ = (1, ..., p,) and ¢;(¢) is a linear combination
of {thet | 1 <j <r;—1,A€R}, {thecos (th;) | 1 < j <ri—1,\ = a; +ib;, b; # 0}
and {t/ef%sin (th;) | 1 < j < r; — 1,\; = a; + ib;, b; # 0} as i ranges from 1 to .

A

Remark 1.12.1. It is not being claimed that every linear combination is possible
for each entry independent of the other entries, because in that case we will have n?
degrees of freedom. But, we know that the space of solutions of the DE has dimension
n. Moreover, two distinct Jordan blocks J;, J; may have the same associated eigenvalue
(real of complex).
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1.16. Scalar n'" order Linear DEs (homogeneous). Consider the DE
(+) v +agy" Y+t anay + any =0
We know that this is equivalent to the vector valued DE

() Z = A&
where ) )
0 1 0 0
0 1 0
A= 0
1
|—G0 —a1 —Q2 -+ —0p—1]

i.e the super-diagonal of A is all 1’s, and the last row is the vector —(ay, ..., an_1). If
¢ is a solution of (x), then @ = (p, ¢, ..., ") is a solution of (¥*) and conversely
if &= (p1,..., ) is a solution of (xx) then ¢ = ¢, is a solution of (x). By problem
1). of HW-5, the characteristic polynomial of the DE (%) is (upto sign) equal to the
characteristic polynomial of the matrix A.
Let
o(A) ={X € C| X is an eigenvalue of A}
and let
S(A)=0(A)/R

where R is the equivalence relation on o(A) given by
ARN <= X € {\ )}
Note that

0(A) =01(A) Uoy(A)
where 01(A) = 0(A) NR and 09(A) = 0(A) — 01(A). It is also easy to see that
S(A) = 51(A) U S53(A)
(

where S1(A) = 01(A)/R and S3(A) = 02(A)/R, and U represents a disjoint union.
By problem 2). of HW-5 there is a one-to-one correspondence between (complex)
Jordan blocks of A and elements of o(A). Our discussion on real Jordan blocks then
tells us that there is a one-to-one correspondence between S(A) and the number of
real Jordan blocks.

Let s = [\] denote the equivalence class of A € o(A). Let the corresponding (real)
Jordan block be J,. There is a well-defined multiplicity of s, namely the multiplicity
of A representing s, as a root of the characteristic polynomial. Let this number be r;.
This is half the size of J; if s € S5(A) otherwise it is the size of J;.

If s € S3(A) let ag and by > 0 be real numbers such that as + ibs represents s, i.e
s = [as + ibs]. Since we are insisting bs > 0, this is well-defined.

From the discussion in section 1.15 it follows that the solutions of () are in the
linear span of

rs—1 re—1
Q= |J Uerru | e cosbt, t/e sinb,t}

s€S1(A) j=0 s€82(A) j=0

Since the span of solutions of (*x) has dimension n over R (using a homework problem),
it follows that the elements in ) (which are n in number) are linearly independent
and form a basis for the space of solutions of (x).
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2. MANIFOLDS

An n-dimensional manifold M is a Hausdorff, second countable topological space
together with data o7, called an atlas. < is a collection of pairs of the form (U, ) (such
a pair is called a chart) with U an open subset of M, ¢ : U — ¢(U) a homeomorphism,
where p(U) C R™ is an open set, such that the following hold.

(1) M = U(U,@)G,QfU
(2) If (U, ) and (V,4) are two charts in &/ then the map 6 given by the commu-
tative diagram below is a diffeomorphism.

unv
H(UNV) ~ sy o(UNV)

0
To represent this situation in a more geometrical way, we have the following picture.

2.1. The Tangent Bundle. Let M be an n-dimensional manifold. For any p € M,
we use the notation T}, to denote the space Zer,, i.e the space of all R-linear maps
D :¢;° — R which satisfy

D(fg) = f(p)Dg + g(p)Df

for all f,g € €°°(M). Here, €;° is the germ of such functions, as defined in the notes
on vector fields.
Put
T(M):= | T,
peM

The above union is a disjoint union because T, N Ty = ¢ if a # b. So, we have a map
w: T(M) — M such that w(D) = p if D € T,,. Here, T, = w!(p). The tangent
bundle of M is the pair (T'(M),w).

Example 2.1. Suppose M is an open subset of R" and ¥ = "_)7 is a velocity vector of

(fo~) is a derivation,
t=0

d
some path v passing through p'with v(0) = p. Then f T

and all derivations look like this for such M.

2.2. DEs over Manifolds. In this section, we will try to make sense of differential
equations over manifolds.
Given a ¢! path v : I — M with I an open interval, and a point ¢ € I, define ()

to be the derivation on ‘5%) given by
d

GO = (o))

It is clear that the right hand side above can be evaluated by taking a representation
for a germ, and the choice of the representative will not matter in the calculation. So,
Y(t) € Ty (M) for t € I. So, we have a map 4 : I — T(M). Since 7 is ¢, it is not
hard to see that 7 is continuous. Also, the following diagram commutes.

(M)

ok

(f € {'(CZ))

s=t


https://www.cmi.ac.in/~pramath/DEQN21/notes/Derivations.pdf
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Definition 2.1. A wvector field v on M is a map v : M — T(M) such that for every
p € M, v(p) € T,(M), i.e v(p) is a derivation on €;° at p. Equivalently, v is a vector
field if v is such that wov = 1.

T(M)

M
If v is a vector field on M, then we have a DE of the form
T =wv(x)

A solution is a € path ¢ : I — M on an open interval I such that ¢(t) = v(p(t)) for
t € I, where the equality is an equality of points in T'(M).
If pe M and 7 € R we can talk about the IVP

t=v(z) , z(r)=p

where the meaning of a solution ¢ to this IVP is clear.

2.2.1. The non-autonomous case. Let €2 be an open subset of R x M. Let w : Q2 — M
be the second projection. We regard () as the extended phase space. Let v :  — T'(M)
be a continuous map such that w o v = 7 (this is very similar to the vector field
definition). The corresponding DE here is

T =uv(t,z)

A solution is a ' map ¢ : I — M on an open interval I such that (¢, (t)) € Q for
all t € I and ¢(t) = v(t,¢(t)) for t € I. Ofcourse, we can have an IVP

t=wv(t,z) , z(r)=p

where (7,p) € Q, and the meaning of a solution to the IVP is also clear.

2.3. First Integrals. Let v be a smooth vector field on a manifold M. A first integral
for v is a smooth function f on an open set in M such that f is not constant on any
open subset of its domain and v(f) = 0. The notation is: v(p) is a derivation for each
p € M, and v(f) is the function on the domain of f that maps a point p to v(p)(f).
If M is a domain in R", and if we interpret ¥ to be a smooth map from M to R”
where ¥ = (vq, ..., v,) then as proven in the supplementary notes on vector fields we
have
of

V; =
- oz,
(]

(V(f), )

So, if f is a first integral for ¥, then V(f) and ¥ are orthogonal. Let f be a first
integral for ¥, p'a point in the domain of f and let ¢ = f(p). Let S be the hypersurface
S = fYf(P)) = fc). Since Vf(P) is orthogonal to the level set S, it follows that
U(pP) is tangential to S at p. Moreover, f is constant along any phase curve of .

Example 2.2. Look at Example 1.1.1 in Lecture 14.


https://www.cmi.ac.in/~pramath/DEQN21/Lectures/Lecture14.pdf
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2.4. Integral Hypersurfaces. We are interested in solving the DE
& =v(x)

on a manifold M, where v : M — T(M) is a €* vector field.
Temporarily, we assume that M is an open subset of R™. Using vector notations,
we can write

(2.1) Z = U(Z)
Let the components of ¥ be (vy, ..., v,). Let g : M — R be a first integral for ¥’ so that

i ag_O on M

Vi =
- ox;
=1

Now if I is an open interval of existence of (2.1) and @ : I — M is a solution of (2.1)
then we claim that goy : I — R is a constant function. This is actually a consequence
of the chain rule, because

o010 =3 (2@ 60

since ¢ is a first integral for v.

Now, suppose ¢ € g(M), where g is as above. Let S C M be the hypersurface g = c.
Such surfaces are called integral hypersurfaces, since they come from first integrals.
Suppose pg € S. Let tg € R, and let g : [ — M be a solution of the IVP

F= (@) | @) =P
where [ is an open interval of existence. Above we have seen that g o g is a constant
function, which means that

9(@(t)) = g(H(to)) = g(po) = ¢
for allt € I. So, @(t) € S for all t € I. So we have proved the following result.

Proposition 2.1. Let @ : I — M be a solution of the IVP (2.1) and suppose for some
to€ I, P(ty) € S. Then G(t) € S forallt € 1.

2.5. n — 1 first integrals. Now suppose we have n — 1 first integrals fi,..., f,_1 for
vU. Let

F=f1, e fa1)
Let €= (c1,...,cp_1) € R"! be in the image of j?, and let
C=f'@cM

Assume that

rank(f'(p)) =n—1 vpeC
In such a case, we say that fi, ..., f,_1 are functionally independent. Then from the Im-
plicit Function Theorem, we know that C'is a one-dimensional manifold. For instance,

—

if the last n—1 columns of J f(p) are linearly independent at some point ' = (p1, ..., pn)
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then there is an open interval (p; — ¢,p; + €) and a map @ : (p; — €, p; +¢) — R*!
such that
(T, ¢1(2), s () € C T € (pr—€p1+e)
and such that p;(p1) = piyq fori=1,...,n— 1.
Let po € C. Let @ : J — M be a maximal solution of the IVP (with ¢, € J fixed)

Z=79(&) , Z(t)=po
From Proposition 2.1 we see that
pt)eC VteJ
Indeed, if S; is the hypersurface f; '(c;), then Proposition 2.1 implies that @(t) €
S; Vt € J, and hence @(t) € NS, = C.
Again, note that we are interested in the DE
Z = ()
and so it is enough to concentrate on the regular locus of ¥, because if ¥(pp) = 0, then
the only solution of & = U(&), Z(ty) = po is the constant solution @ = py. So from
now on, we assume that ¥ is nowhere vanishing on M.
Let f, € = (c1,...,cn_1) and C = f1(&) be as in the beginning of this section.
From ANA2, the space of velocity vectors at a point p' € C' is the null space of f'(p).

Moreover, we know that ¥(f;) = 0 on M for i = 1,...,n — 1, since the f/s are first
integrals. This means that

S n @D+

oxy,

(P) =0

for each 1 < <n —1, where ¥ = (v, ...,v,). This implies that ¥(p) lies in the null
space of f7 (P). Now, as remarked before, C' can be locally parametrized because it is a
one-dimensional manifold, which follows from the Implicit Function Theorem. Thus,
if pp € C, there is an open neighborhood of py in C' which is homeomorphic to (—e, €)
in R. So, C' can be described locally as

(@) = (), - m(N)

in parametric form: C' is locally

z1=7(A)
T2 = 72(A)
Tn = Tn(A)
Moreover, g(A) does not vanish since ¥ is a diffeomorphism to C. Since the null

space of f(pp) is one-dimensional (since its rank is n— 1), and since neither @(pp) nor
' (Ao) vanish (where \g is such that 4(\g) = pp) therefore each is a non-zero multiple
of the other, because 4'(\g) is a velocity vector passing through pg.

In general we therefore get a nowhere vanishing function u such that

YA =uNTFR) . Ael

for some interval I. It is easy to see that u()\) is continuous, being the ratio of two
continuous functions.
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Now fix pg € C as above. Again, consider the IVP

—

E=0&) , &(t) = po
and suppose g is in the domain of 4 such that 4(¢y) = po. Let
A
(2.2) t=1to+ / u(y) dy
Ao

n Since u(y) does not vanish anywhere on I, the above function is a monotone function
of A\, i.e t is a monotone function of A. It can be inverted, and hence we see that

A= A\1)
which we obtain by solving for A in the equation (2.2). Consider the function
@(t) = (A1)

Then we see that

and hence @ is a solution of our IVP.
2.6. DEs on Compact Manifolds. The main result of this section will be the fol-
lowing.

Proposition 2.2. Let M be a compact manifold, v a €* vector field on M and xo a
point on M. Then the maximal interval of existence for the IVP

t=v(x) , x(0)=mx

is R.

Proof. Let ¢, : J(a) — M be the maximal solution for the IVP
T =v(x) ,z(0) =a

Soon, we will prove that there exists a neighborhood (—¢,,€,) X U, in R x M of (0, a)
where U, is an open neighborhood of a in M such that for all b € U,, (—€,4, €,) € J(b).

The U,’s cover M. Since M is compact, there is a finite open cover U,,,....,U,,.
Let € = min{e,,, ..., €, }. Then (—e€,¢) C J(b) for all b € M. It follows that the IVP
& =wv(z), (0) = a has a solution in (—¢,¢€) for all a € M, and € is independent of a.
By Problem 7 of the mid-term exam, we are done. |


https://www.cmi.ac.in/~pramath/DEQN21/exams/mid-term_solutions.pdf
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2.7. The Logistic Equation. Consider the DE
dy
=7 — (1 —
3 Y-y
and let y(0) = yo. So, we have that v(y) = y(1—y). When yo = 0, 1, then the solutions

by uniqueness are y = 0,y = 1 respectively. Suppose now that g, is a regular point,
i.e yo(1 —yo) # 0. Solving this DE, we get

which gives us
Yo — 1 Y
Yo y—1

Now, if y is a solution to the IVP, we see that y(t) ¢ {0,1} for all ¢ in the maximal
interval of existence, and this is an easy consequence of uniqueness of solutions, since
we assumed that yo ¢ {0,1}. Now suppose C' is one of the connected components of
R\ {0,1}. From what we just remarked, it follows that if yo € C, then y(t) € C for
all ¢ in the maximal interval of existence (because y is continuous). So, it follows that

—1
il >0 £>1
y—1 Yo
and so we can write
—1
t:ln{yo L}
yo y—1
and so we get
t
Yoe
H=—2"_  telJ
y(t) Yoet — o + 1 (%)

where J(yo) is the maximal interval of existence. Note that the above formula works
even when yy = 0 or yo = 1. Consider the following.

(1) Note that if yo € (0,1), then J(yo) = R. This can be seen by noting that in

this case, yoe! —yo+ 1 >0 for all £ € R.
(2) Now suppose yo > 1. Then

yoe! —yo+1=0

has a solution (in t), namely

Yo — 1
Yo

and so in this case J(yo) = (fs0, 00) and also t., < 0.

(3) Finally suppose 3o < 0. Once again, y‘;;l > 0, and in fact y(;—gl > 1. Also, the
equation

to = In

yoe' —yo+1=0
has to, = lny(;—;l as a solution. Therefore J(yy) = (te,0) and in this case
too > 0.
In cases (2) and (3) above, our solution does not extend to all of R. The problem is

that R is not compact. So in the next section, we will try to compactify R, and study
the same equation over that compact set.

2.8. The logistic equation on a circle. See the instructor notes for lectures 17 and
18.


https://www.cmi.ac.in/~pramath/DEQN21/Lectures/Lecture17and18.pdf
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2.9. Change of coordinates. Let 2 be open in R"*! and assume that Q = I x U
where I is an open interval in R and U is open in R*. Let F : U = W be a

diffeomorphism, where W is an open subset of R", and suppose that F is atleast €2.
Let =1 x W. Let ©: Q — R"” be a ¢! vector field. Let

G=F"
Let @ : ' — R™ be the map
(2.3) @(t,§) - F(G)v(t, Gy)
where J is the Jacobian. Then % is a ¥’' map, being a composite of €' maps.

Proposition 2.3. A map ¢ : [ — U on an open interval I is a solution of the DE
& = U(t,X) if and only if the map v,b Fo @ is a solution of y = W(t,Y).

Proof. This is a straightforward application of the chain rule. Since F and G are
inverse functions, we see that

(F) (&) = G'(F(Z))
for any & € U. So by equation (2.3) it follows that
¥(t, %) = G'(F(@))w(t, F(7))
and this establishes a symmetry between ¥ and . So, it is enough to prove one

direction of the proposition. Suppose @ : I — U is a solution of the DE T = U(t, &)
and let ¢ = F o @, where [ is some open interval. Then we have the following.

P(t) = F'(3(1) (1)
= F(@(t)3(t, &(t)
= F/(G(4(1)8(t, G((1)))
= @(t, (1))
and hence v,b is a solution of the DE y w(t,y). This completes the proof. |

2.10. Estimates. Let ¥ : 2 — R" be a continuous function which is Lipschitz in &

with Lipschitz constant L on a domain {2 contained in R x R™. We will consider the
DE

Z = 0(t, @)
and we will be interested in the behavior of this DE as we vary the initial conditions,

i.e the initial time point and the initial phase. Let é’: (1,@) be a point in . The
symbol (A);a) or (A)z will denote the IVP

(A)(r.a) E=0(t&) , T(r)=a

Also, J(€) or J(r,&) will denote the maximal interval of existence for solutions of
(A)(r.a), and 4,35 or G- will denote the solution of (A)(, a).

Definition 2.2. We say that ¢ is an e-approzimate solution of (A)(; z) on an interval
Iif (t,4(t)) € Qforall t € I and

() —o(t, gl <e  Viel
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Now suppose ¢ and 1,5 are €' functions on an interval I, with @ and €;-approximate,
and 1,/_; an eg-approximate solution. Suppose further that we have a specified point
7o € I and that ||@ (7o) — 9 (to)|| < 6. From problem 8) of HW-4 we have the following
fundamental estimate:

(FE) IB(t) — p(t)]| < sell=tol 4 %(eLt—to _1)
forallt e l.

Lemma 2.4. Suppose U is bounded, M < oo an upper bound for ¥, and EE) = (70, @o)
a point in Q. Let [c,d] be an interval of existence for (A)g, such that [c,d] x {@} C €.
Let @y : (¢, d) = R" be the solution to (A)g on [c,d]. Then
—_ — M T
1Ba(t) = Gol| < (e =1)  (t€[e,d])

Proof. Let TI; : [¢,d] — R™ be the constant map 1; = ag. By hypothesis, we see that
(t,9(t)) € Qfor all t € [¢,d]. So, for t € [c,d] we have

1p(t) — (¢, (1))l = |6t ¥ (0)]| < M
Thus v,/_; is an M-approximate solution of (A) & On the other hand @, is an exact

solution. So the fundamental estimate (FE) with § = 0, ¢; = 0 and e; = M gives the
reuslt. [ |

2.11. Continuity with respect to initial conditions. For this section, we fix a
solution

@:le,d — R"
of the DE (A)g. For each 6 > 0, let

Us={(r,@) e R"™" | 7 € [e,d], ||a - @(7)|| <o}

Lemma 2.5. There exists 6, > 0 such that the closure Uy, of Us, in R is a compact
subset of ).

Proof. The map f : [¢,d] x R" — [¢,d] x R™ given by
f(t,a@) =, @+ f(t))

is a homeomorphism with inverse g given by
olt.d@) = (13 (1)

This means that Us = f([e, d] x B(0, §)) is an open subset of [¢, d] x R for every § > 0.

Next, let Q' = f~1(QN[c,d] x R"). Then Q' is open in [¢,d] x R" and contains
[c,d] x {0}. If d(t, @) is the distance between (¢, @) and the closed subset [c, d] x R™\ €
of [¢,d] x R", then d is continuous on [¢,d] x R™. Since K = [¢,d] x {0} is compact,
the infimum of d on K is attained on K and is a positive number 7. Pick 6; < n.
Then [e,d] x B(0,0,) C Q. It follows that Us, = f([c,d] x B(0,6;)) is compact and is
contained in QN [e,d] x R™. |

Theorem 2.6. Let the notations be as above. Then, there is some § > 0 such that the
following are true.

(1) Us €.
(2) For every € = (r,&) € Us the solution Pe of (A)g exists on [c,d].
(3) The map (t,7,@) — P(ra)(t) is uniformly contmuous onV = [e,d] x Us.
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Proof. Let 6, be as given by Lemma 2.5, i.e Us, is compact and contained in €. Let
D={5]0<6<e =9}
First, we show that (1) and (2) are true for every ¢ in D. Let

U=JUs

It can be checked that U = Uy, , where 6, = e 479§,
For € € U, the fundamental estimate (FE) (with ¢; = e; = 0) gives

1B(t) — Be(t)]] < o1

for all t € [¢,d] N J(§), where as before, J(§) is the maximal interval of existence of
the DE (A)z We want to argue that [c,d] C J(€). Note that we have just shown
that (¢, Pg(t)) € U, for all ¢ in J(€) N e, d]. Since (t, Pe(t)) must exit the compact
set [c, d] x Us,, the above inequality forces it to exit at {c} x R" and {d} x R". Thus

[c,d] N J(&) = [c,d]. This proves (1) and (2).
Now, let F : [c,d] x U — R™ be the map given by the formula

F(t, T, Ei) - 95(7'75:) (t)

We have to show that F is continuous. Since U is a subset of Us, which is compact, &
is bounded on U. Let M be the supremum of ||&|| on the compact set Us,. Since Us,
is compact, M < oc.

Let & = (10, dp) € U, and let us examine the continuity of F at (s, EE)) € le,d] x U.
Since U is open in [c,d] x R™, there exists a rectangle W = [«, 8] X B(dy,r) in U
containing &, and hence for every € = (7, @) € W, the line segment [a, 3] x {@} lies
in U C Q. By Lemma 2.4, we see that

(M I~ Fea(mll < S 1) (€= (ra) e W)

We claim that @z — @z uniformly on [c,d] as € — €. We may assume that &
approaches 5_6 through points in W. By the fundamental estimate (FE) we get that

1B, (8) — BeDI| < 11, (70) — Belro) |+~
= ||@ — B(ra) €77
<||@ — @||e* 9 + ||a@ — @’(T’a)(TO)HeL(d—c)

M
f(@L’T — 7o — 1)eld9

where in the last step we have used (). Now, the expression that we have obtained,
namely

< ||@y — @l||e"*9 +

- M
R(&) = h(r,@) = |G — l|e"=9) + (el — 1)ekld=2)

—

is a continuous function of é: which is independent of ¢ € [c,d]. Moreover, h(€) — 0
as & = & So, it follows that gz — P uniformly on [c,d] as € — &.
We now show that F : [c,d] x U — R" is continuous. Let @y = @Fg. Since @z

converges uniformly on [¢, d] to @ as £ — &, therefore given € > 0 we can find 7 > 0
such that

1Pe(s) — Pols)l| <€ (s € d])
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whenever ||€ — &|| < m. Now @, is uniformly continuous on the compact set [c, d],
and hence there exists 17, > 0 such that

B0 (1) — Pols)]| <€

whenever |s — t| < 1. Since

1F(t,€) — F(5,&0)|| = [|Be(t) — Go(s)]]
< [|@e(t) — Bo(@)]] + [1Bo(t) — Bo(s)l]
it follows that
|F(t,€) — F(s, &)l < 2

whenever ||€ — &|| < n1 and |t — s| < ;. Thus F is continuous on [¢,d] x U.
It remains to show that F' is uniformly continuous on U for any 6 € D. Now,

Us CU = Us, . To see this, let
file,d xR" = [c,d] x R"

be f(t,a@) = (t,@+ F(t)) Recall that f is a homeomorphism, and

Us = f([e.d] x B(0,0))
and

Us = f([e,d] x B(0,9))
Since § < 6, = e~ @31 therefore

le,d] x B(0,8) C [c,d] x B(0,0,,)

Hence U; C Us,, = U. Thus F is defined on Us, and Uy is compact. It follows that F
is uniformly continuous on Usy. |

2.12. Topological Straightening. Let us fix é;) = (70, dp) € ) and we fix an interval
of existence I = [1g — ¢, 7o + ¢] for the solution @z of (A)g .
Let Us be the set of points € = (7,a@ + Pe, (1)) € I x R™ such that [|@]| < d. We

showed in Lemma 2.5 that there exists 6, > 0 such that Us, C © and Uy, is compact.
Let ¢,, be defined by the formula

5m _ G_L(2C)51
We have seen that if € € Us, then [r, — ¢, 70 + ¢] € J(€). Note that Us, C Uy, since
6m < (51.
If @ € R™ is such that ||@ — do|| < d, then (1, @) € Us,, C Us, C 2. Moreover, by
Theorem 2.6 part (2), [ is an interval of existence for @, ). By the fundamental

estimate (FE) it is then easy to see that (¢, B, a)(t)) € Us, for all t € I.
So, we have a map ® : [ x B(dy, d,,) — Us, given by

®(t,a) = (t, P (1))
Note that

®(t,d@) = (t, F(t,,a))
So the image of ® is the graph of F|g where S = I x {1y} x B(dp, 6,,). Also note that
® is continuous. Below, we assume that § € (0, d,,).

(1) By the uniqueness of solutions of (A)g , we see that @ is a one-one map.
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(2) Let RS = (19 — ¢, 70 + ¢) x B(@y,6), Rs = I x B(@y,6) and Rs = I x B(@y,§).

Set
(2.4) Ve =®(Ry), Vs=®(R;), andVs=®(R;)
Since ® is a one-one continuous map, we can apply a result on the invariance
of domain for R™"! to conclude that V> is an open subset of R™™ and that
®|Ro is a homeomorphism between R§ and V. Also, since @ is injective and
Rs is compact, the restriction ® |- is a homeomorphism. Hence, ®|p; is also
a homeomorphism.
Some nice pictures are given in section 2 of the Lecture 21 notes.

2.13. Differentiability with respect to initial phase. We now assume that ¥ is

¢! in & So, the all partial derivatives gf exist on  and are continuous in (¢, &).

Clearly, being ¢ implies that @ is locally ﬂipschitz in &.
2.13.1. The equation of variations. Let

Qv . Ou

o1 OTn
Dy(t, &) = |

8901 85571

Define the map
AR5 — My(R)
by
Clearly, for each fixed ¢t and &, A(t, &) is a linear map. We now consider the equation
of variations

(2.5) Z=AtD)Z , Z(n)=2¢
where €1, ..., €, is the standard basis of R".

Let ¢ be the unique solution of the linear IVP (2.5). We know that [ is an interval
of existence for ¢ (since this is a linear IVP). Note that ¢ depends upon &. Therefore,
we think of ¢ as a function of & and write {(¢, ).

2.13.2. Differentiability with respect to z. Since Us, is compact and in €2, and since ¥
is ¢!, therefore D, is bounded on Us,. Let 0 < M < oo be such that

’lDQ(t>a)|‘ <M (t,C_I:) € U51

Recall that F : I X §,, — R™ is the map (¢,€) — Pe(t). Note that if & and & + hej
both lie in B(dy, d,,) then for ¢t € I, by the fundamental estimate (FE) we have

(2.6) |F(t, 70, & + h&;) — F(t, 70, 8)|| < |hle*"

This follows from the fundamental estimate and the fact that ¢, z is an e-approximate
solution with € = 0.

Theorem 2.7. Suppose, as above, ¥ is €' in &. Let 7o € I be a fized initial time
point. Then F(t,7,&) is €' as a function of (t,Z) on Ry .

Proof. See Theorem 3.2.3 in Lecture 22. |


https://en.wikipedia.org/wiki/Invariance_of_domain
https://en.wikipedia.org/wiki/Invariance_of_domain
https://www.cmi.ac.in/~pramath/DEQN21/Lectures/Lecture21and22.pdf
https://www.cmi.ac.in/~pramath/DEQN21/Lectures/Lecture21and22.pdf
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